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The fluctuations of the cosmic microwave background (CMB) are investigated for a small open
universe, i. e., one which is periodically composed of a small fundamental cell. The evolution of
initial metric perturbations is computed using the first 749 eigenmodes of the fundamental cell in the
framework of linear perturbation theory using a mixture of radiation and matter. The fluctuations of
the CMB are investigated for various density parameters Ω0 taking into account the full Sachs-Wolfe
effect. The corresponding angular power spectrum Cl is compared with recent experiments.
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I. INTRODUCTION
In recent years much attention has been paid to the
possibility that an open universe could have a non-trivial
topology. It is supposed that the 4-dimensional space-
time can be represented as the direct product R ×M,
whereM is a compact three-manifold and the real line R
represents time, and the space-time has a local structure
as in the Friedmann-Lemaˆıtre universe. The topology is
at least constrained, but not fixed by Einstein’s theory of
gravitation because Einstein’s equations deal as partial
differential equations with the local geometry of space-
time, whereas the global structure of space depends on
the metric as well as on the topology. A non-trivial topo-
logy can lead to a spatial closure in the universe because
of the global connectivity instead of a positive spatial
curvature.
In order to manifest in observations, the topology
should lead to a small universe [1], i. e., one in which
light has been circled round the universe at least once at
our present epoch. Such a small universe can be obtained
from the universal covering space by suitable identifica-
tions under a discrete group of isometries. In the case of
a flat universe the full isometry group R3 × SO(3) leads
to 17 multi-connected types of locally Euclidean spaces
from which 10 are spatially compact, see e. g. [2]. The
simplest case is a flat universe with a toroidal structure,
i. e., the topology of a three-torus. For such rectangular
fundamental cells the implications for the universe are
studied in [3–7] yielding the conclusion that the dimen-
sion of the smallest toroidal structure must be at least of
the order of the horizon size to be compatible with the
COBE-DMR data [8]. The other compact, orientable
flat spaces are investigated in [9] showing that periodic-
ities with half the horizon size are marginally consistent
with the data. In the case of positive curvature the el-
liptic topology is studied in e. g. [10,11]. However, since
astrophysical data suggest that the cosmological density
parameter Ω0 is sub-critical, see for example [12], in the
following only the case of negative curvature is consid-
ered. There is now evidence for a non-vanishing cosmo-
logical constant Λ, but this case will be considered in a
forthcoming publication. In this paper a vanishing cos-
mological constant Λ = 0 is assumed.
For negative curvature there exists an infinite variety of
possible fundamental cells, see e. g. [2,13] or the so-called
census of compact hyperbolic manifolds of the Geome-
try Centre at the University of Minnesota [14]. In con-
trast to the Euclidean case there is no scaling freedom
for the fundamental cells. Due to the rigidity theorem of
Mostow [15] the volume as well as the lengths of closed
geodesics are topological invariants for a given hyperbolic
3-manifold. Thus if the curvature scale, i. e., the density
parameter Ω0 and Λ, is given then the geometrical prop-
erties ofM are fixed.
One manifestation of the non-trivial topology is given
by multiple images of objects at sufficient distances de-
termined by the discrete group of isometries Γ. However,
for a realistic value of Ω0 ≃ 0.2 . . . 0.3 the distance to the
nearest mirror images is larger than the range of survey
galaxy catalogs of roughly 200. . . 600 Mpc. Quasars are
more distant but the quasar phenomenon is probably too
short-lived in order to observe multiple quasar images be-
cause the distances and thus the look-back times of the
images are all distinct, in general (see [16] and references
therein). Another manifestation of the topology is pro-
vided by pairs of circles of correlated microwave radiation
coming from the surface of last scattering (SLS) [17,18].
The identical temperatures at points identified according
to Γ originate at the SLS having a red-shift of roughly
z ∼ 1200. Unfortunately, in the case of Ω0 ≃ 0.2 . . . 0.3,
the main contribution of the CMB does not come from
the SLS, which corresponds to the naive Sachs-Wolfe ef-
fect [19], but instead, from much nearer regions z ≪ 1200
corresponding to the integrated Sachs-Wolfe effect, see
e. g. [20–22] and below. In the case of a flat universe
where the integrated Sachs-Wolfe effect is absent and
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the CMB is due to the SLS, the pairs of circles allow
the determination of the isometry group by determining
the generators of the group Γ. For Ω0 < 1 one has to
compute CMB for given examples of compact models to
obtain ideas of the expected structure of the CMB. For
two compact models the expected CMB is computed us-
ing the method of images in [23]. This method requires
the computation of the group elements of Γ which is not
an easy task since these groups are not free, i. e., there
are relations among the generators of the group such that
not all products of generators yield new group elements.
Since the method of images requires only the distinct
group elements much attention has to be paid. Never-
theless, the result of [23] is that only for Ω0 ≃ 0.8 a CMB
is obtained which is in accord with the COBE measure-
ments. An alternative to calculate the CMB demands
the computation of the eigenmodes of the considered 3-
manifold. In the case of the so-called Thurston manifold
the first 14 eigenmodes are computed using the bound-
ary element method in [24] and the statistic of expan-
sion coefficients of the eigenmodes is investigated show-
ing pseudo-random behaviour, where the term “pseudo”
reflects the fact that the coefficients are determined by
the eigenmodes and not by a genuine random process.
Interestingly, the possible volumes of compact hyper-
bolic 3-manifolds are bounded from below, which means
that there exists a hyperbolic 3-manifold with minimal
volume. It is suggested that the creation probability
of the universe increases dramatically with decreasing
volume, e. g. [25]. Thus, from a cosmological point of
view the most interesting hyperbolic 3-manifolds are
those with volumes near to the volume of the small-
est hyperbolic 3-manifold. Unfortunately, the smallest
hyperbolic 3-manifold is unknown. The two smallest
known ones have volumes volM ≃ 0.98139R3 [26] and
volM ≃ 0.94272R3 [27,28], respectively, where R is the
curvature radius of the universal covering space. Another
possibility is to consider not only manifolds but instead
allowing also orbifolds as possible models for the uni-
verse. The difference is that orbifolds can possess points
which are not locally looking like the usual R3. Orbifolds
can possess rotation elements in their group of isometries.
Around the axis of a given rotation element the space has
to be identified with respect to the discrete angle of the
rotation element which does not happen in the usual R3.
However, as long as there is no elaborated quantum cos-
mology, which describes the way in which the topology
and topological defects of the universe develop, orbifolds
are as good as manifolds for a model of the cosmos. In
this paper an orbifold with volume volM≃ 0.7173068R3
is chosen. For this system the fluctuations of the CMB
are computed using the eigenmodes. The initial scalar
metric perturbations are expanded in terms of the eigen-
modes of the orbifold such that the modes develop inde-
pendently in the framework of linear perturbation theory
assuming adiabatic evolution. From the metric perturba-
tions the fluctuations of the CMB can then be computed
by the Sachs-Wolfe effect [19].
The next section describes the selected orbifold. Sec-
tion III outlines the procedure for the computation of
the CMB. The last section describes the properties of
the CMB depending on the density parameter Ω0. Fi-
nally, the angular power spectrum Cl of the fluctuations
is compared with experimental data from COBE, Saska-
toon and QMAP.
II. THE GEOMETRIC MODEL
The orbifold used in this paper is obtained from a
Kleinian group which yields a pentahedron as a funda-
mental cell which in turn is symmetric along an inter-
section plane. The pentahedron is divided by this inter-
section plane into two equal tetrahedra. Thus the eigen-
modes can be computed by desymmetrizing the pentahe-
dron (for more details, see [29]). A group-symmetry con-
sideration shows that the eigenmodes of the pentahedron
obeying periodic boundary conditions decompose into
two symmetry classes, one having Dirichlet boundary
conditions, i. e., ψ = 0, at the surface of the tetrahedron,
and the other having Neumann boundary conditions, i. e.,
a vanishing normal derivative ∂ψ/∂~n = 0. Using the
tetrahedron with Dirichlet and Neumann boundary con-
ditions facilitates the numerical computation of the eigen-
modes. In the nomenclature of [30–32] this tetrahedron
is called T8. It has a volume volM ≃ 0.3586534R3 and
is defined by the dihedral angles
∠BC =
π
2
, ∠CA =
π
3
, ∠AB =
π
4
,
∠DA =
π
2
, ∠DB =
π
3
, ∠DC =
π
5
,
where A, B, C and D are the four corner points. For
the tetrahedron T8 the first 749 eigenmodes correspond-
ing to Dirichlet boundary conditions have been computed
using the boundary element method as described in [29].
It is worthwhile to note that there are only nine com-
pact tetrahedra in hyperbolic space and that T8 is the
only compact tetrahedron whose generating group is not
arithmetic [31]. Furthermore the smallest tetrahedron,
T3, has a volume volM ≃ 0.03588506R3 roughly ten
times smaller than the volume of T8.
The CMB depends on the position of the observer
within the fundamental cell. The computations are car-
ried out in the so-called upper half space
H3 = {(x, y, z) ∈ R3|z > 0}
endowed with the hyperbolic metric
ds2 =
1
z2
(dx2 + dy2 + dz2) ,
yielding constant curvature −1. In this model for
hyperbolic space the tetrahedral cell is oriented such
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that the corner points are approximately at A ≃
(0.4348, 0, 0.2537), B ≃ (0.3978, 0.6889, 0.2869), C ≃
(0, 0, 0.2824) and D ≃ (0, 0, 2.3829). The observer is sit-
uated at (0.15, 0.2, 0.5) which lies well within the funda-
mental cell.
III. THE COMPUTATION OF THE CMB
In order to compute the evolution of the initial scalar
metric perturbations one has to define a background
model which describes the homogeneous, isotropic space-
time without any perturbations. The perturbations are
assumed to be sufficiently small such that the linear per-
turbation theory is applicable. Let us set the speed of
light equal to c = 1 and define the conformal time η
by a dη = dt, where a is the scale factor. The back-
ground metric is chosen to be the Friedmann-Lemaˆıtre-
Robertson-Walker metric
ds2 = a2(η) (dη2 − γijdxidxj)
with
γij = δij
(
1− 1
4
(x2 + y2 + z2)
)
−2
for the case of negative curvature. The spatial part γij
corresponds to the unit-ball model used in hyperbolic
geometry with the difference that the ball has here a
radius of two instead of one. The Einstein equations,
expressed in conformal time η, reduce for the background
metric to the time-time equation
a′
2 − a2 = 8πG
3
T 00 a
4 (1)
and to the trace of the Einstein equations
a′′ − a = 4πG
3
T µµ a
3 , (2)
where a′ := da/dη and T µν is the energy-momentum ten-
sor. G denotes Newton’s gravitational constant. In the
following a model with conventional relativistic hydro-
dynamic matter behaving as a perfect fluid is assumed.
The energy-momentum tensor, which is then diagonal, is
described in terms of the energy density ε, the pressure
p and the 4-velocity uµ as
T µν = (ε+ p)u
µuν − p δµν .
Assuming a two-component model containing radiation
with energy density εr ∝ a−4 and cold dark matter with
energy density εm ∝ a−3, the pressure perturbation δp is
for a vanishing entropy perturbation δS = 0 given by
δp =
(
∂p
∂ε
)∣∣∣∣
S
δε =: c2sδε
where cs can be interpreted as the sound velocity. From
this follows with ε = εm + εr and p =
1
3εr, see e. g. [33],
c2s =
1
3 + 94εm/εr
.
For this two-component model the equations (1) and (2)
are solved by
a(η) =
2aeq
ηˆ2
{ηˆ sinh η + cosh η − 1} ,
ηˆ :=
√
2a2eq
2πGεra4
,
where aeq is the scale factor at the time of equal mat-
ter and radiation density, i. e., εm = εr. In the gauge-
invariant formalism [34,35,33] the perturbed metric can
be written as
ds2 = a2(η)
{
(1 + 2Φ)dη2 − (1− 2Ψ)γijdxidxj
}
.
For a diagonal energy-momentum tensor as assumed
above one gets Φ = Ψ which can be considered as a gener-
alized Newtonian gravitational potential. Assuming van-
ishing entropy perturbations δS = 0, the gauge-invariant
formalism for the evolution of the metric perturbation Φ
gives in first order perturbation theory [34,35,33]
Φ′′ + 3Hˆ(1 + c2s)Φ
′ − c2s∆Φ
+ {2Hˆ ′ + (1 + 3c2s)(Hˆ + 1)}Φ = 0 . (3)
The prime denotes differentiation with respect to η and
Hˆ := a′/a. The Laplace-Beltrami operator of the hy-
perbolic space is denoted by ∆. Expanding the metric
perturbation Φ with respect to the eigenmodes ψn(~x ) of
the orbifold, i. e.,
Φ(η, ~x ) =
∞∑
n=1
fn(η)ψn(~x ) ,
yields for fn(η) the differential equation
f ′′n (η) + 3Hˆ(1 + c
2
s)f
′
n(η)
+ {c2sEn + 2Hˆ ′ + (1 + 3c2s)(Hˆ + 1)}fn(η) = 0 . (4)
Here En denotes the eigenvalue corresponding to ψn, i. e.,
(∆ + En)ψn = 0 with Dirichlet and Neumann boundary
conditions, respectively. The wavenumber is given by
kn =
√
En − 1. The computation of the time evolution
of Φ(η, ~x ) is now reduced to the integration of the ordi-
nary differential equation (4) which can easily be done
numerically. It is worthwhile to note that the expansion
runs only over discrete levels. At this point enters the
compact nature of the model of the universe assumed
here.
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Now one is left to define the initial conditions of fn(ηi)
for some initial time ηi. Inflationary models suggest a
scale invariant, so-called Harrison-Zel’dovitch spectrum
for the density perturbation modes δk up to logarithmic
corrections, see [33] and references therein. Since the cor-
rections depend on the details of the inflationary model,
we assume here
fn(ηi) =
α
k
3/2
n
and f ′n(ηi) = 0 , (5)
which carries over to a Harrison-Zel’dovitch spectrum.
The constant α is fixed later such that the order of the
fluctuations δT/T are in agreement with the COBE re-
sults. The value of ηi = 0.001 is used which is well within
the radiation dominated epoch such that the transition
to the matter dominated epoch is included in the compu-
tations. All Dirichlet eigenmodes with kn < kmax = 55,
i. e., with En < 3026, are taken into account (nmax =
749).
It is worthwhile to emphasize that the initial coeffi-
cients fn(ηi) are given by (5). Thus, fn(ηi) is not consid-
ered as random variable which could be, e. g., distributed
as a Gaussian. Therefore, the randomness in Φ is solely
due to the properties of the eigenmodes of the considered
orbifold. The eigenmodes are square-normalized with re-
spect to the volume of the orbifold using the hyperbolic
metric. The only freedom is a factor ±1 where that sign
is used which comes out from the boundary-element cal-
culations.
From the metric perturbations Φ the temperature fluc-
tuations δT/T are computed by the Sachs-Wolfe effect
[19]
δT
T
=
1
3
Φ(ηSLS, ~x(ηSLS))
+ 2
∫ ~x(η0)
~x(ηSLS)
dη
∂Φ(η, ~x(η))
∂η
, (6)
where ηSLS denotes the time of last scattering assumed
to be at z ≃ 1200, and η0 is the present time. The factor
1/3 in the first term corresponding to the naive Sachs-
Wolfe effect (NSW) is justified in the models considered
below since the time of decoupling occurs well within
the matter dominated epoch. The second term is the
integrated Sachs-Wolfe effect (ISW). Note, that (6) is
valid only on scales large compared with the horizon at
the time ηSLS. In table I the angle ΘH under which
the horizon appears is shown together with the angle Θk
which is the angle under which the highest eigenmode
fluctuation appears. Since Θk is at least roughly two-
times larger than ΘH , equation (6) can be used for all
considered eigenmodes.
In a multi-component model, where the components
possess different sound velocities, the time evolution gen-
erates an entropy perturbation even if one starts with
δS = 0 [35]. Then the right-hand side of (3) is not
strictly zero. However, the corrections are very small
FIG. 1. CMB for Ω0 = 0.3 using the Mollweide projection.
FIG. 2. CMB for Ω0 = 0.6 using the Mollweide projection.
because of the large number ratio of photons to dark
matter particles. Furthermore, the corrections are neg-
ligible as long as the wavelengths of the eigenmodes are
larger than the horizon. The highest considered eigen-
mode (kmax = 55) enters the horizon at the conformal
time η = 2π/kmax ≃ 0.11 and all other eigenmodes cor-
respondingly later. This is to be compared with ηSLS
which is ηSLS ≃ 0.063 and ηSLS ≃ 0.033 for Ω0 = 0.2 and
Ω0 = 0.6, respectively. Thus, the entropy perturbations
can only slightly alter the ISW.
IV. PROPERTIES OF THE CMB
The CMB is computed for different densities Ω0 with
respect to the Hubble constant h = 0.6 in units of
100 km s−1Mpc−1. The radiation density εr is chosen in
agreement with the present background radiation tem-
perature of T = 2.728 K. In figures 1 and 2 the fluc-
tuations of the CMB are shown for Ω0 = 0.3 and 0.6,
respectively. The monopole and the dipole contribution
is subtracted such that the first non-vanishing multipole
is the quadrupole in accordance with the usual represen-
tation of the CMB fluctuations.
A quantitative measure of the scale of the fluctuations
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FIG. 3. The dependence of k
3/2
n fn(η) on the eigenvalue En
for the case Ω0 = 0.3 is shown, where η0 = 2.3746 and α = 1.
The upper full curve corresponds to En = 100 and the lowest
one to En = 3000. For the intermediate curves the energy is
increased in steps of 100. The dashed curve represents the re-
sult fmat(η) = 5(sinh
2 η−3η sinh η+4 cosh η−4)/(cosh η−1)3
belonging to a pure matter model with cs = 0 used in some
related works.
is provided by the angular power spectrum Cl defined by
Cl =
1
2l + 1
l∑
m=−l
|alm|2 ,
where alm are the expansion coefficients of δT with re-
spect to the spherical harmonics Y ml (θ, φ). In the follow-
ing the angular power spectrum Cl is compared with the
data measured for l < 30 by COBE [36], around l ∼ 100
by QMAP [37] and above l ∼ 80 by the Saskatoon ex-
periment [38]. These experiments provide evidence that
the angular power spectrum increases up to a maximum
around l ≃ 200.
The figures 1 and 2 show fluctuations on finer scales
with decreasing density Ω0. This is due to the cut-off in
the wavenumbers kn < kmax. For a genuine Harrison-
Zel’dovitch spectrum having no cut-off there are fluctu-
ations on all scales. However, the amplitudes belong-
ing to the different scales depend on Ω0 by the specific
form of decay of fn(η) via the ISW. The decay of fn(η)
is faster for smaller densities Ω0 with increasing eigen-
value En as shown in figure 3 for Ω0 = 0.3. An esti-
mate of the angular contributions which are maximally
taken into account in the angular power spectrum Cl for
a given kmax can be obtained as follows. The smallest
wavelength λmin ≃ 2πkmax of the eigenmodes determines
the finest scale of the fluctuations on the SLS. The angle
Θk under which the smallest scale fluctuations are seen,
is given by
tan
Θk
2
=
tanh
λmin
2
sinh(η0 − ηSLS) .
FIG. 4. A Gaussian smoothing of figure 1, i. e., the case
Ω0 = 0.3, is shown with a resolution of 10
◦.
Since the lth spherical harmonics has along the “circum-
ference” 2l zeros in [−180◦, 180◦] one gets the rule of
thumb that a given Θ corresponds roughly to l ≃ 180◦/Θ.
In table I the distance η0−ηSLS, the angle Θk under which
λmin appears and the corresponding angular contribution
lk := 180
◦/Θk are given for several values of Ω0.
To get an impression of the fluctuations as seen with
the 10◦ resolution of COBE, a Gaussian smoothing of
figure 1, i. e., for Ω0 = 0.3, is presented in figure 4 with
that resolution.
The figures 5 to 8 show the angular power spectrum
for Ω0 = 0.2, 0.3, 0.4 and 0.6, where the abscissa shows√
l(l+ 1)Cl/2π in µK. The data for the compact hyper-
bolic models are shown up to roughly lk. A reasonable
agreement is observed for Ω0 ≃ 0.3 . . .0.4. In the case
Ω0 = 0.2 Cl increases too fast with increasing l in com-
parison with the experimental data. For Ω0 = 0.4 one
observes a saturation above l ≃ 40. Then the further in-
crease of the Cl has to come from processes, like acoustic
oscillations, getting important on scales of the horizon
size at the SLS around lH = 200 . . .300, see table I. The
necessary contributions are not considered here but the
results obtained from simply-connected models should
then apply since the corresponding scales are small in
comparison with the size of the fundamental cell. Fur-
ther effects like the reionization, gravitational lensing and
the Sunyaev-Zel’dovitch effect influence the fluctuations
on a scale of order Θ ≃ 1◦ and thus the values of Cl for
correspondingly large l. More important are the low mul-
tipoles since they have ruled out a toroidal structure in
the case of a flat universe, at least for periodicities signif-
icantly below the horizon size [5,6,9]. In the flat case the
first multipoles were too small in comparison with the
multipoles around l ≃ 20. Such an effect is absent in the
hyperbolic case and thus a “small” universe is not ruled
out. This result is at variance with [23] where agree-
ment with COBE is only obtained for very high densities
Ω0 ≃ 0.8.
In order to show the increasing significance of the ISW
with decreasing Ω0, table I shows the rms of the two
terms in (6) using α = 1 in (5). The rms value of
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FIG. 5. The angular power spectrum
√
l(l + 1)Cl/2pi for
Ω0 = 0.2 for the hyperbolic model (full dots) in comparison
with the COBE (), Saskatoon (△) and QMAP (©) data.
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FIG. 6. The angular power spectrum
√
l(l + 1)Cl/2pi for
Ω0 = 0.3 with the same symbols as in figure 5.
the NSW is nearly constant because the fluctuations are
determined by (5), i. e., by α independently of the dis-
tance to the SLS. In contrast the ISW diminishes towards
Ω0 = 1. For Ω0 = 1 no ISW contribution occurs because
of dΦ/dη = 0 in this case. The figure 9 shows the con-
tributions to the Cl spectrum separately for the NSW
and for the ISW as well as both contributions together
as observed in nature. The case Ω0 = 0.4 is shown with
α = 1. The importance of the eigenmodes with respect
to the contribution to the ISW is determined by two com-
peting effects. On the one hand higher eigenmodes are
oscillating faster such that their contribution to the inte-
gral is less important. However, also the derivative f ′n(η)
determines the significance, and it is this derivative which
increases with increasing eigenvalues as can be inferred
from figure 3. Numerically both effects seem to cancel
such that the ISW is nearly constant with respect to Cl.
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FIG. 7. The angular power spectrum
√
l(l + 1)Cl/2pi for
Ω0 = 0.4 with the same symbols as in figure 5.
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FIG. 8. The angular power spectrum
√
l(l + 1)Cl/2pi for
Ω0 = 0.6 with the same symbols as in figure 5.
At Ω0 = 0.3 the NSW and the ISW are of equal signifi-
cance and for less values of Ω0 the ISW dominates. This
can lead to difficulties in detecting paired circles.
It is interesting to note that the large scale power is
not only caused by the lowest eigenmodes but also by the
large scale structure generated by the isometry group de-
scribing the fundamental cell. To stress that fact figure
10 shows the NSW contribution of the lowest eigenmode
having an eigenvalue E1 ≃ 93.11 which has only one
maximum within the tetrahedral cell. One clearly ob-
serves large circles of different radii having a scale larger
than the wavelength of the eigenmode. The Cl spectrum,
shown in figure 11, has a periodic structure with differ-
ent maxima corresponding to the circles of different radii
and to the structure formed by the arrangement of the
circles itself. Only the wide last maximum around l = 60
corresponds to the peak expected from the wavelength of
the lowest eigenmode. If the peaks due to the circles are
6
00.1
0.2
0 20 40 60 80 100l
FIG. 9. For Ω0 = 0.4 the individual contributions of the
NSW () and the ISW (△) to the angular power spectrum√
l(l + 1)Cl/2pi are shown as well as their combined effect
(full dots) (α = 1).
FIG. 10. The NSW contribution of the lowest eigenmode
(E1 ≃ 93.11) to the CMB is shown for the case Ω0 = 0.2.
pronounced enough in comparison with the ISW, there
could survive a periodic structure in the full Cl spectrum
yielding some information about the isometry group.
In conclusion small hyperbolic universes are not ruled
out in contrast to the flat case. A reasonable agreement
with the experimental data is provided by the hyperbolic
models with densities around Ω0 ≃ 0.3 . . . 0.4. In this
work an orbifold instead of a manifold is investigated,
however, the statistical properties of the eigenmodes are
expected to be the same for orbifolds and manifolds.
Thus, since the volume of the considered pentahedron
is of the same order as of the Weeks and Thurston mani-
folds, the comoving wavenumbers kn of these models are
comparable since their mean behaviour is determined by
Weyl’s law. (Weyl’s law, which counts the mean num-
ber of eigenvalues below a given energy, is derived in [29]
for general orbifolds.) In these models no supercurva-
ture modes are expected which are absent in the consid-
ered pentahedron and could, if present, alter the angular
power spectrum. The individual details of the sky maps
0
5
10
15
20
25
30
35
40
1 10 100l
FIG. 11. The Cl spectrum is shown for the NSW contribu-
tion of figure 10. Here Cl is shown instead of
√
l(l + 1)Cl/2pi
as in the other figures. The scaling at the abscissa is arbitrar-
ily.
would differ between the models, but the angular power
spectra should show the same behaviour. However, the
details of the maps already depend on the locations of
the observer within the given fundamental cell. After all,
such a small universe has a uniform CMB because in all
directions the fluctuations of the same fundamental cell
contribute to the CMB and thus circumvents the hori-
zon problem. In addition, the Machian paradox is solved
in a new manner by the non-trivial topology. A future
work will include the cosmological constant Λ in order to
investigate its effect on the structure of the CMB.
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8
Ω0 ΘH lH η0 − ηSLS Θk lk rms of NSW rms of ISW
0.2 0.46◦ 391 2.7527 0.8◦ 215 0.066 0.106
0.3 0.60◦ 300 2.3214 1.3◦ 139 0.066 0.079
0.4 0.73◦ 247 1.9863 1.8◦ 98 0.067 0.064
0.6 0.94◦ 191 1.4409 3.3◦ 55 0.070 0.044
0.8 1.12◦ 161 0.9322 6.1◦ 30 0.069 0.026
TABLE I. The angle ΘH , under which the horizon at the SLS is seen, the corresponding lH := 180
◦/ΘH , the distance to
the SLS, the angle Θk due to the cut-off kmax and the corresponding lk are shown as well as the rms of the NSW and the ISW
contribution, respectively, in (6) for α = 1.
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